Chapter 16

VECTOR AUTOREGRESSIONS
WITH UNIT ROOT
NONSTATIONARY PROCESSES

This chapter explains econometric methods related to VARs and cointegration. We
first introduce a broader concept of cointegration that allows us to treat the case in
which a vector time series includes both stationary and nonstationary variables. In
the previous chapters, cointegration is only defined for a vector time series that does
not include stationary variables. Then we discuss a method to impose long-run re-
strictions for VARs with stationary variables for which the nonstationary variables in
the vector time series are not cointegrated. We will explain various representations of
a cointegrated system such as Vector Error Correction Model (VECM) and Phillips’
triangular representation. Then we will present methods to impose long-run restric-
tions imposed on Phillips’ triangular representation and VECM representation. We
will introduce a structural Error Correction Model (ECM) by considering a foreign
exchange rate model in which prices and the exchange rate adjusts toward a long-run
equilibrium level. A method to estimate the structural speed of the adjustment coef-
ficient toward the long-run equilibrium level will be discussed. In the Appendix, we
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will discuss long-run and short-run restrictions imposed on VECM.

16.1 Identification on Structural VAR Models

16.1.1 Long-Run Restrictions for Structural VAR Models

Blanchard and Quah (1989) propose using long-run restrictions to identify the under-
lying shocks in a VAR system. Let y; be the logarithm of GDP and w; be the level
of the unemployment rate. Here y; is assumed to be difference stationary and wu; is
assumed to be stationary. Let y, = (Ay;, u;), and let e; = (ef, e?)’ be the underlying
shocks of the economy, where e¢ is the demand shock, and e is the supply shock. It
is assumed that the demand and supply shocks are uncorrelated, and that y; has an

MA representation in terms of e;:

(16.1) ye = p+®(Le

= pu+Poe; +Pre +Poey o+,

where ®(1) is normalized so that its principal diagonal components are 1’s, and
E(ei€}) = A.

The long-run restrictions are that the demand shock does not have any long-run
effect, and the supply shock does not have any long-run effect on unemployment, but
may have a long-run effect on the level of output. These restrictions imply that the
matrix ®(1) is lower triangular.

Let y; = p + ¥(L)e; be the Wold representation, which can be estimated by
inverting the VAR representation for y;. Then €, = ®pe;, 3. = E(ei€;) = PoAPy,
and ®; = ¥, P, for all j. Once P is known, we can obtain e; from €;, and ®; from

¥;. Is ®( identified? An informal argument by Blanchard and Quah suggest that
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it is. Given X, the equation ®oAP[ = X, gives three restrictions because X, is
symmetric. Given (1), the equation that the upper right-hand entry of ®(1) is zero
gives one more restriction. There exist four restrictions for four unknown parameters

in q)o.

(n—-1)
2

The assumption that ®(1) is lower triangular gives necessary conditions.

From ®(1)e; = ¥(1)e, it follows
(16.2) S(1HAP(1) =P(1)X.T(1).

Let P be a lower triangular matrix of the Cholesky decomposition of ¥(1)3 ¥(1)’

so that PP’ = ¥(1)X.¥(1)". Then,

(16.3) (1) = PA 2
and
(16.4) &, = U(1)'®(1),

where A = [diag(P)])?. Lastrapes and Selgin (1995) apply this model to study liquidity
effects using y; = [r, yr, (my — pr), my)’.

Gali (1999) uses similar long-run restrictions to identify shocks. The main
methodological difference from Blanchard and Quah is that Gali uses different vari-
ables, log productivity and log hours. Log productivity replaces log GDP. Log hours
(or the first difference of log hours) replaces the unemployment rate. The log GDP and
unemployment rate used by Blanchard and Quah can lead shocks such as government
purchases and permanent labor-supply shocks to be mislabeled as the technological
shock. Gali defines correlation of two variables when all shocks but one are shut

down as conditional correlation. The estimated conditional correlations of hours and
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productivity are negative for nontechnology shocks. Hours how a persistent decline
in response to a positive technology shock. These findings are hard to reconcile with
a RBC model, but are consistent with a model with monopolistic competition and

sticky price.

16.1.2 Short-run and Long-Run Restrictions for Structural
VAR Models

Gali (1992) uses both short-run and long-run restrictions to identify a structural VAR.

He considers an IS-LM model that consists of output (y;), money supply (m;), the

nominal interest rate (r;), and the price level (p;)*:
(16.5) B(L)y:=0+e

where B(L) = By — >0 B;L", By has ones on its diagonal, y; = (Ays, Ary, 1 —
Apy, Amy — Apy)', p is the lag order of VAR, L is the lag operator, and e, =
(e5,ems emd ei) is the vector stochastic process describing supply, money supply,
money demand, and spending (IS) disturbances that are assumed to be serially un-

correlated. Let n denote the dimension of y;, that is, n = 4 in this model.

The model (16.5) can be estimated by the reduced form VAR:
(16.6) A(L)y, = 6.+

where A(L) = I- 3"  A;L', Ay = I, and ¢ is the vector of innovations in the
elements of y;. Let 3, denote the variance-covariance matrix of €;. Provided that B
is identified, all the structural parameters in (16.5) are computed from the estimates
of (16.6) using & = Bgd. and B; = BgA,; for i = 1,2,--- ,p. Structural shocks are

also constructed by e; = Bye;.

Lye, my, and p; are in logarithms.
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In order to identify By, Gali (1992) imposes an orthogonality condition (R0)

that the variance-covariance matrix of structural shocks, A, is diagonal. From ByX.By,

n(n—1)

n(n+1)
2 2

A we have === = 10 independent restrictions, and leave = 6 free parameters

in Bg.

A second set of restrictions, building on Blanchard and Quah (1989), specifies
that the supply shock has long-run effects on the level of output but the three aggre-
gate demand shocks (e, e and €%*) have no long-run effects on the level of output
(R1, R2, and R3). These restrictions identify the supply shock (ef) from the other

shocks. These restrictions are denoted by ®(1);; = 0 for j = 2,3, and 4.

A third set of restrictions is that the money supply and the money demand
shocks have no contemporaneous effects on output (R4 and R5). These restrictions
identify the IS shock from the two types of monetary shocks. Let ®(L) = B(L)™!, in
particular, @, = By '. These two restrictions are denoted by ®1; =0 for j =2 and

3.

The final restriction identifies the money supply shock from the money demand
shock. Gali (1992) assumes that the contemporaneous price does not enter the money
supply rule that is denoted by By oz + Boas = 0 (R6).2

The estimation of Gali (1992) is dramatic, and is well described by Pagan and
Robertson (1995, 1998). From the long-run restrictions (R1 ~ R3), ®(1) becomes a
block lower triangular matrix, where ®(L) = B(L)™" in (16.5). Inverting ®(1), we
also have a block lower triangular matrix B(1) so that B12(1) = By3(1) = B4(1) = 0.

We can impose this set of restrictions directly on the coefficients of the structural

2Galf (1992) suggests two more alternative assumptions; contemporaneous output does not enter
the money supply rule (R7) and contemporaneous homogeneity in money demand (R8). In this
section, we focus on (R6).
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VAR. For notational convention, let b;; and by ;; be the (¢, j) components of By and
B, respectively. By imposing these long-run restrictions (R1 ~ R3), we can repa-

rameterize the first equation of (16.5) as

p
(16.7) Y1 = —bi1aAPyy — bisAPysy — b1y APy, + Z bi11y1,i—i
i=1
p—1 p—1 p—1
+ Z bi12 A"y + Z bis A"y + Z bi s A Y + ex,
i=1 i=1 i=1

where APyy, is, for example, yo — Ya21—p, and estimate the coefficients by instrumental
variables using ;1 for APy, for ¢ = 2,3,4. Similarly, with the short-run restriction

(R6), we can reparameterize the second equation of (16.5) as

(16.8)  yor = —bory1e — baz(yse — Yar)

p p p p
+ Z bi21Y1,t—i + Z bi 22y t—i + Z bi23Y34—i + Z b 24Yat—i + €2,
i=1 i=1 i=1 i=1

where we use €4, a sample counterpart of the first error in (16.6) from a reduced
form VAR, and é;4, a sample counterpart of the first shock in (16.7) from a structural
VAR, for yy; and y3; — y4¢ as an instrument, respectively. This result follows because
€1 is orthogonal to ey by the short-run restriction (R4) and ey, is orthogonal to ey

by the orthogonality conditions. The third equation is given by

(16.9) Y3t = —b31y1t — b32y2t - 634y4t

p p p p
+ Z bi 31Y1,4—i + Z biz2Y2t—i + Z bi 33Y34—i + Z bi 3aYa4—i + €3,
i=1 i=1 i=1 i=1

where €y, €1, and é9; are used as the instrumental variables for wyy, yor, and yy,
respectively. The short-run restriction (R5) ensures that €y, is orthogonal to es;, while

the orthogonality conditions are used for ey; and eg. Finally, the fourth equation is
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given by

(16.10)  yar = —bary1s — bazyor — bazyss
p p p p
+ Z bi a1 Y1,—i + Z b 42Y2,4—i + Z b; 43Y3,4—i + Z biaalai—i + €a
i=1 i=1 i=1 i=1

and estimated by instrumental variables using €y, €9, and é3; for yi, yor, and ysy,
respectively from the orthogonality conditions.

The estimation method described above is a two-step instrumental variables
method because the reduced form VAR is estimated in the first step and some of the
residuals estimated in the first step are used for instrumental variables in the second

step.

16.2 Representations for the Cointegrated System

This section introduces four useful representations of a cointegrating system: the
vector moving average representation and Phillips’ triangular representation. For ex-
ample, these representations are useful in developing different methods to impose
long-run restrictions.®> For the illustration below, consider a vector of difference sta-

tionary processes z; = (y, x¢)’ with a cointegrating vector 8 = (I, —c’)".
16.2.1 Vector Moving Average Representation

The cointegrating relationship between y; and x, and the difference stationarity of x;

can be written as

(16.11) y: = cx;+uy

(1612) Xy = Xy—1+ Vg

3Details of these representations are discussed in Section 19.1 of Hamilton (1994).
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where u; and v, are stationary with zero mean.

Differencing (16.11) yields
(16.13) Ay, = /Ax, + Auy = v, +up — ug_g.
Let e;; = ¢'vi + u; and eg; = v;. Then, (16.56) can be written as
Ay, =e; — (e14-1 —ceay1) = (I— L)ey, + ¢'Leg,.

Stacking this along with (16.12) in a vector system yields the vector moving average

representation for (Ay;, Ax;),

Ay . €1t
] ]
where

&(L) = [IBL C/IL:|'

Note that the polynomial ®(z) has a root at unity, |®(1)| = 0, and hence is non-
invertible. This suggests that Az; cannot be represented by any finite-order vector
autoregression since [®(L)]"'Az; = e; does not exist.

Stationarity of 3'z; requires that the vector moving average representation sat-
isfies two necessary conditions. First, the matrix polynomial associated with the

moving average must satisfy
B'®(1) =0.
Further, if some of the series in z; exhibit nonzero drift and thus include the deter-
ministic trend component p.t,
_ 0
Zi = u’zt + Zy,
where p, # 0, and z) is difference stationary without drift, then the stationarity

requires that the deterministic cointegration restriction holds (Engle and Yoo, 1987;
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Ogaki and Park, 1997). That is, the cointegrating vector must eliminate the deter-

ministic trend from the system:
Bu.=0.
Otherwise, the linear combination 3'z; will grow deterministically at the rate 8w, .

16.2.2 Phillips’ Triangular Representation

Phillips’s (1991) triangular representation takes the form:

(16.14) yi — ¢'x; = uy,

(1615) AXt = V.

To derive this, suppose an n x 1 vector z; = (y, X;)’ is characterized by h cointegrating

relations. The matrix of h cointegrating vectors can be written as

b/1 1 bio biz -+ by
5= by || b b bag e bon
b, bri brz bps -+ bpy

where the (1,1)-th element has been normalized to unity. After appropriate row

operations, it can be transformed as

L O - 0 blpeq blpee -0 bi,
0 1 0 b5py Bopiy - b5

g = . 2,.+1 2,.+2 . _ [ I, ¢ } '
00 - 1 bZ,hH bi,m T b}i,n

Therefore, with z; correspondingly partitioned into an h x 1 vector y; and a (n—h) x 1

vector X,

IBIZt:[Ih —C/} {yt}:}%—c/xt

Xt
is stationary in equation (16.57). Equation (16.58) comes from the assumption that

z, is difference stationary. Thus, in Phillips’ triangular representation, variables on
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the left hand side are all stationary, and are expressed in the form of the moving

average.

The triangular representation has been widely used for estimating cointegrating
vectors. One of the reasons is that when presented in this way, the model’s (unknown)
coefficients appear only in equation (16.57). Therefore, we can estimate the cointe-
grating relationship using standard estimation methods for a system of simultaneous

equations.

As an example of Phillips’ representation, consider the 4-variable system of
Shapiro and Watson (1988). The model consists of four variables: labor input Ay,
output 1, the inflation rate m;, and the long-run real interest rate i; — m;. In the
short-run, these variables deviate from their long-run steady state values due to four
types of serially uncorrelated shocks: labor supply shocks v;, technological shocks e,
and two aggregate demand shocks v} and v2. Labor supply shocks and technology
shocks are uncorrelated with each other and with the aggregate demand shocks. In
this model, all shocks are assumed to have only short-term effects on the real interest

rate. That is, the nominal interest rate and the inflation rate are cointegrated so the

real interest rate is stationary. Let

Zt:[’it T he Y ]/7

with a cointegrating vector

B=[1-100].

We can partition z; into z;; = 4, and 2oy = ( ¢ he ). With the model’s long-
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run restrictions, Phillips’ triangular representation for this cointegrating system is

iv—m = a+®( L) v e v v,
Amy = e+ ® (L) v e v VY,
Ahy = c3+3(D)vg+ (1= L)®y(L)] vy e v} V7],

Ay, = i+ (D)o +a "B (Les+ (1 — L)@, (L) v e vp v},

where ¢; for i =1,--- 4, are constant, and the lag polynomials 3,(L) and 3.(L) are

assumed to have absolutely summable coefficients and roots outside the unit circle.
16.2.3 Vector Error Correction Model Representation

Vector autoregressive models originating with Sims (1980) have the following reduced

form:
(1616) A(L)yt = 56 + €,

where A(L) =1, —>% | A;L", A(0) =1, and € is white noise with mean zero and
variance .. From the reduced form of the VAR model, A(L) can be re-parameterized
as A(1)L+ A*(L)(1 — L), where A(1) has a reduced rank, r < n. Engle and Granger

(1987) showed that there exists an error correction representation:

(1617) A*(L>Ayt = 66 — A(l)yt,]_ + €,
where A*(L) =1, — Y77 AL} and A = — L_is1Aj. Since y; is assumed to be

cointegrated (1), Ay, is 1(0), and —A(1) can be decomposed as a3’, where o and
B are n X r matrices with full column rank, r.
Monte Carlo experiments of Qureshi (2008) show that for OLS estimates of

level VAR very often exhibit explosive autoregressive roots for typical macro data. In
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contrast, the frequency of encountering explosive roots in OLS estimates of VECM is
much fewer. Because there is a general consensus among macroeconomists that the
absolute value of autroregessive roots is at most one, this is an important advantage

for VECM over level VAR.

16.2.4 Common Trend Representation

Another representation of a cointegrated VAR system is Stock and Watson (1988b)
common trend representation, which is a generalization of Beverage-Nelson decom-

position. Since Ay, is stationary, we have

(16.18) (1= L)yt = ®(L)e.
Then
_ o)
(1) (L) -2(1)
A -
21t
Zn—rit

where z;; is a random walk and is called a stochastic trend. In a n-variable system,
there exist r cointegration relationship if and only if there exist (n — r) common

stochastic trend.

Example 16.1 If we have income and consumption, ¥, and ¢, such that

(16.20) Yr = 2z +€f

(1621) Ct = 2zt + 6?
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where z; is a random walk, and €] and ef are transitory income and consumption

shock, respectively. Then,

(16.22) (Zé;f):zﬁ(j)

where z; is a common stochastic trend. In this case, there is one cointegrating rela-

tionship so that y, — ¢, = e] — €f is stationary. |

16.3 Long-Run Restrictions on Phillips’ Triangu-
lar Representation

Long-run restrictions can be imposed on Phillips’ Triangular representation. As an
illustration, consider the model of Shapiro and Watson (1988). In this model, y, =
(Ahy, Ay, Ay, iy — )’ where hy denotes labor supply, 3, output, m; inflation, and
i; the nominal interest rate. Since hy, v, and 7; are assumed to be I(1), Ahy, Ay,
and Am; are stationary I(0). There are three sources of disturbances: labor supply
vy, technology e;, and aggregate demand disturbances v} and v?, and thus e; =
(vg, e, vf,v2). The first two disturbances may be referred as supply shocks, and
are assumed to be orthogonal and serially uncorrelated, and uncorrelated with the
demand shocks. Since y, has been assumed to be stationary, none of the shocks has
a long-run effect on Ahy, Ay, Amy, or iy — my.

Shapiro and Watson (1988) make two identifying restrictions: first, the aggre-
gate demand shocks have no permanent effect on the level of output; and second, the
long-run level of labor supply is exogenous. To impose these restrictions, consider, for
example, the long-run effect of v/} on y;. In their setup, ¢osy, is the effect of v} on Ay,

after k periods, and therefore 22:1 Pasp is the effect of v} on y; itself after | periods.

For ytl to have no effect on y; in the long run, then we must have that ZZO:() Pazr = 0.
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Thus, the two assumptions impose restrictions that the long-run multipliers from v}

and v? to h; and y;, and from e; to h; are zero. The resulting matrix of long-run
multipliers, ®(1), is block lower triangular:

¢pn 0 0 0O

| P21 92 00
QW= 401 b o5 b
¢41 ¢42 ¢43 ¢44

Because there are no restrictions on ¢34, this identification scheme cannot be
used to disentangle the two aggregate demand shocks v} and v?, and only their joint
impact can be estimated.

In order to estimate e; and ®(L) using the observed data, Shapiro and Watson
(1988) follow Blanchard and Quah (1989), and use the block lower triangular structure
of ®(1) and the assumption that the shocks are serially and mutually uncorrelated.
The Wold representation y, = § + ¥(L)e; can be obtained by first estimating and
then inverting the VAR representation of y, in the usual way.

The equation for Ah; can be written as
p p p p
Ahy = Z Bhn,jAhi—; + Z Bhy,i DYe—j + Z B AT j + Z Bhig (ir—j — mi—j) + 0.
J=1 J=0 J=0 =0

Because the long-run multipliers from e;, v}, and v? to h; are zero, Z§:0 Bhnj = 0
for n = y,m, 7. Imposing these constrains yields second differences. For example,

consider the long-run restriction of e; on h;:

P
Z BryiAYt—j = DBryoAye + -+ Bryp—1A—(p—1) + Bhy,pAyi—p
j=0
= Bhy oAy — Ayi—1) + (Bry,o + Bry1) (Ayr—1 — Ayy_o) + - - -
+(5hy,0 + ﬁhy,l +---+ ﬁhy,p—l)(Aytf(pfl) - Ayt—p>

+(Bhy,0 + Bhy,l + -+ ﬁhy,p—l + ﬁhy,p)(Ayt—p)
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The long-run restriction requires that Bpyo0 + Bry1 + -+ + Bhyp-1 + Bryp = 0, and

hence the coefficient on Ay,_, is zero. Thus we have

P
Z BryiDi—i = Bryo D% + (Bryo + Pry ) A%e1 + -+ + (Bhyo + By + -+ + Bhyp-1) A% (p—1
=0

= ’Yhy,OA2yt + ’Vhy,lAQyt—l + -+ ’Yhy,p—lAQytf(pfl)
p—1
_ A%y,
P)/hy,s Z/H-
§=0
The same operations can be done for Z?:o Bhr,; and Z?:o Bri,; as well. The resulting

equation to be estimated is

» p—1 p—1 p—1
Ahe = BungDheit Y Mg i+ ) el Tt Y i (D= Amj) +o.
j=1 3=0 7=0 7=0

This equation cannot be consistently estimated by OLS because it includes contem-
poraneous values of some of the regressors which are correlated with v;. Therefore,
the TV estimation is used with {Ah; o, Ay o, AT, 045 — T_s}o_; as instruments.

Similarly, the equation for Ay; is

p P p—1 p—1
Ay, = Z BynjAhij +Z Byy,iAYt—; +Z A’y +Z Vyij (At j— ATy ) +Byuvites.
j=1 j=1 =0 =0

Note that the contemporaneous value of Ah; do not enter this equation since v; enters
directly. Again, the correlations between e; and contemporaneous values of some of
the regressors require that it is estimated by the IV estimation using the same set of
instruments plus {v;_,}*_; as instruments.

The equations estimated for Arm; and 7; — i; are reduced forms. They are

P P P P
_ . 1
- mh,j —7 Y, —7 T, ] —7 T%,] —7 7 t—y T e 9
ATy E Brn i Ahy J+§ Bry.i Ayr ]+§ Brr i AT J+§ Bri i (it—j— i )+ BVt +Bre€r+ay

J=1 Jj=0 Jj=1 J=1

and

p p p p
1—Tp = Z Bih,jAhtfj_FZ ﬁz‘y,jAZ/t—j‘i‘Z 5i7r,jA7thj+Z @'i,j)Z'tfj—Wtfj)‘FﬁivUt‘i‘ﬁie@t‘i‘atz-
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The error terms a; and a? are linear combinations of the structural aggregate shocks
v} and 2. Since these disturbances are uncorrelated with the regressions, these two

equations can be estimated by OLS.
16.3.1 Long-run Restrictions and VECM

An alternative method to impose long-run restrictions is to use VECM. As Ay, is

assumed to be stationary, it has a unique Wold representation:

where pp = ¥(1)d, and (L) =I,,+> 7, ¥,;L". The above, which is in reduced form,

can be represented in structural form as:

(16.24) (L) = U(L)B,

-1
e = @0 €y,

where ®(L) = &+ 221 ®,L%, and e, is a vector of structural innovations with mean
zero and variance A.

Long-run restrictions are imposed on the structural form, as in Blanchard and
Quah (1989). Stock and Watson (1988a) developed a common trend representation
that was shown to be equivalent to a VECM representation. When cointegrated
variables have a reduced rank, r, there exist K = n — r common trends. These
common trends can be considered to be generated by permanent shocks, so that e,
can be decomposed into (el’, e’)’, in which e} is a k-dimensional vector of permanent
shocks and e} is an r-dimensional vector of transitory shocks. As developed in King,

Plosser, Stock, and Watson (1989, 1991, KPSW for short), this decomposition ensures
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that
(16.25) d(1)=[A 0],

where A is an n X k matrix and 0 is an n X r matrix with zeros, representing long-run
effects of permanent shocks and transitory shocks, respectively. In order to identify
permanent shocks, in general, causal chains, in the sense of Sims (1980), are imposed

on permanent shocks:
(16.26) A = AII,

where A is an n x k matrix, and IT is a k£ x k lower triangular matrix with ones in the

diagonal. As Jang (2001a) shows, A is constructed using the cointegrating vectors:
(16.27) A=p3,.
See Appendix 16.A for detail.

16.3.2 Identification of Permanent Shocks

The main interest lies in the identification of structural permanent shocks, not in

structural transitory shocks.* Following KPSW, we decompose ®, and &, as:

(16.28) ®=[H J], @glz{g]
where H,J, G and E are n x k, n X r, k X n, and r X n matrices, respectively. Note
that the permanent shocks are identified once H (or G) is identified, and that these
two matrices have a one-to-one relation, G = A*H’ 2;1, where A* is the variance-

covariance matrix of permanent shocks, e*.> Therefore, the above decomposition of

®( does not generate additional free parameters.

4Fisher, Fackler, and Orden (1995) consider the identification of transitory shocks imposing causal
chains on transitory shocks.
One can easily derive this relation from the relation ®;'%, = A®],.
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The identifying scheme below basically follows that of KPSW, but enables one
to generalize their model as described below. See Jang (2001a) for details. Following
KPSW, let D = (BLBL)_lﬁl‘lf(l) and P be a lower triangular matrix chosen from

the Cholesky decomposition of DX.D’. Then IT and A* are uniquely determined by
(16.29) II = P(AF) 2,

where A* = [diag(P)]?, and H and G are identified by

-1
D IT

(16.30) H= [a'z:;l ] { 0 ]

and

(16.31) G=AHZ .

Accordingly, the permanent shocks and the short run dynamics are identified by

(16.32) el = Ge,
and
(16.33) ®(L)" =¥ (L)H,

where ®(L)* denotes the first k columns of ®(L).

The specific solutions for H and G in the form of matrices enable one to general-
ize the model. Jang (2001b) considered a structural VECM in which structural shocks
are partially identified using long-run restrictions and are fully identified by means of
additional short-run restrictions (See Jang, 2001b, for the method of identification in
structural VECMs with short-run and long-run restrictions). Jang and Ogaki (2001)

consider a special case, where impulse response analysis is used to examine the effects
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of only one permanent shock, and the recursive assumption on the permanent shocks
in (16.26) can be relaxed, which implies IT is lower block triangular. Note that we
can compute the impulse responses to the k;, shock as long as the ky, column of H,
H,, is identified. Note also that the third column of IT does not contain any unknown

parameters. Analogous to (16.30), Hy, is identified by

-1
D
(16.34) H, = [ s } S,

where S, is an n-dimensional selection vector with one at the k;, row and zeros at

other rows. Similarly, Gy is identified by:

(16.35) Gy = A, H S

and it follows from the identity relation of GH = I that
(16.36) Afy = (HETH) ™,

where A’,;k is the variance of the k;;, permanent shock. Thus, the k;;, permanent shock

is identified by

(16.37) e, = Gre.
16.3.3 Impulse Response Functions

Impulse response analysis has been widely used in the applied VAR literature. It is,
however, not straightforward to compute the impulse response from VECMs. The
reduced-form VECM is usually converted to a levels VAR model for impulse response

analysis.® Noting that the presence of unit roots prevents the inversion of a levels

6Mellander, Vredin, and Warne (1992) provide an algorithm to compute impulse response without
converting VECM to levels VAR following the scheme in Campbell and Shiller (1988) and Warne
(1991).
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VAR model to a moving average (MA) representation, Liitkepohl and Reimers (1992)
suggested the following algorithm to get impulse responses recursively in a cointe-
grated system. First, estimate the reduced-form VECM in (16.17), then convert the

VECM to a levels VAR representation in (16.16) using the following relations:”

I, — A1) + Az i=1
(16.38) A=< Ar—A; for 2<i<p-—-1
—A;_1 1=Dp.

Though a Wold representation does not exist in the presence of unit roots, Liitkepohl

and Reimers (1992) showed that impulse responses can be recursively computed by

p

(16.39) v, = Y ¥, A, m=1,2,3,--
=1

(16.40) &, = U,

where ¥ = I,,, ®,, = (¢m;), and ¢y, is an m-step response of the iy, variable to
the j;;, innovation.® In particular, the impulse response function of permanent shocks

in this paper is calculated by”
(16.41) ®F —w, H, m=12---

As a special case, discussed in Section 16.3.2, the impulse response function of

the k;, permanent shock is uniquely calculated from
(16.42) Py . =¥, H,, m=1,2,---

where ®F | is equivalent to the ky, column of ®%, in (16.41).

"We assume that n > p without any loss of generality.

8This algorithm can be simplified by rewriting VAR in (16.16) as a companion VAR(1) form.
Then, ¥,, is the first n row and n column submatrix of A", in which A, is a companion form
coefficient matrix.

90One may calculate the impulse response to a one standard deviation permanent shock by
1
v, H(A")z.
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16.3.4 Forecast-Error Variance Decomposition

Denoting the h-step forecast error by

o0

(16.43) Yirh — Eyeen = Y Wil€rni — Ev€rns)

i

the forecast error variance is computed by the diagonal components of
h—1
(16.44) E(yin — Eyen)® = > U0,
i=0
In particular, the forecast error variance of the [y, variable, y; 45, is computed by
h—1
(16.45) Y v, xw,
i=0

where W, ;. denotes the [y, row of W,.
To isolate the fraction of the forecast error variance attributed to permanent
shocks, it is convenient and necessary to decompose the contribution of permanent

shocks and transitory shocks as follows:

(16.46) Yeon — iy = Y Wi®g(en—i — Ererini)
i=0
h-1 ok
- Y u[H J]{ ,t””},
, Ctih—i
=0

where W; is defined in (16.39). Since e; is serially uncorrelated,

— AP 0 [ H
(16.47)  E(yiyn — Eryign)? = ZO\II[H J][ 0 A,} { 5 }111;.
h—1
= ) U, (HA'H +JA'T)¥.

=0
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Therefore, the contribution of permanent shocks to forecast error variance of the

h-step forecast is estimated by the diagonal components of
h—1

(16.48) PR AL A
i=0

In particular, the contribution of the my, permanent shock, X | to the forecast error

variance of the Iy, variable, y; 44, is'

>
—

(16.49) (@Qflm)?A’f

m,m)

I
=)

where Afmm is the variance of the my, permanent shock.

Finally, dividing (16.49) by (16.45) yields the fraction of the h-step forecast
error variance of the [y, variable attributed to the my, structural shock.

Section 16.3.2 discusses the special case of the contribution of the k;, permanent
shock, e, to the forecast error variance of the Iy, variable, y; 415, which is computed

by

(16.50) (P5)* Ak

%

>
—

I
o

where Aﬁyk is the variance of the ky, permanent shock. Dividing (16.50) by (16.45)
gives the portion of the contribution of the £y, structural shock to the h-step forecast

error variance of the [, variable.
16.3.5 Summary

In summary, the estimation and identification of VECM with long-run restrictions

are executed by the following procedure:

1. Select the lag length of VECM using some criteria such as AIC and BIC.

0By the virtue of the assumption that permanent shocks are uncorrelated mutually, we can
separate the contribution of each permanent shock.
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2. Estimate cointegrating vectors and determine the rank of cointegrating vectors
in (16.17).

3. Convert VECM to levels VAR using (16.38).

4. Impose long-run restrictions implied by economic theory!!, and identify struc-

tural parameters using (16.30) and (16.31).

5. Compute impulse responses to a structural shock using (16.41).

6. Compute forecast-error variance decompositions using (16.45) and (16.49).

7. Compute confidence intervals of impulse responses and standard errors of forecast-
error variance decompositions using Monte Carlo integration as described in

Appendix 16.B.

16.4 Structural Vector Error Correction Models

In this section, we introduce ECM. Let y; be an n-dimensional vector of first difference
stationary and stationary random variables. Let £; = (0,...0,1,0,...0)" with 1 on the
14, element. If the 4y, element of y, is stationary, then £;y, is stationary. When a time
series includes stationary variables, we extend the definition of cointegration, and say
that y, is cointegrated with £; as a cointegrating vector. Suppose that y; has a VAR

representation

(16.51) Vi=0c+ A1y 1 +Ady o+ +F Ay, + €

HFor example, one may adopt a long-run restriction that a monetary shock does not affect the
level of real output.
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where . is an n x 1 vector. Just as in Said-Dickey’s reparameterization for the

univariate case, it is convenient to reparameterize Equation (16.51) as
(16.52) Ayt =06 — A()yir1 + AJAy 1+ + A) Ay py1 + €,
where

p p
(1653) A(1)=TI,— Y A; and A7 =— > Aj for i=1,2-+ ,p—1.

j=1 j=i+1

This reparameterization is convenient because —A (1) summarizes the long-run prop-
erties of the series. We assume that there exist r linearly independent cointegrating
vectors, so that 3'y,_; is stationary, where @' is a r x n matrix of real numbers whose
rows are linearly independent cointegrating vectors. Then —A(1) = a3’ for an n x r

matrix of real numbers, a. Hence Equation (16.52) can be written as
(16.54) Ay = S+ By +AAy 14+ AL Ay p + €,

This representation is called an ECM.

In many applications of standard ECMs, elements in a are given structural
interpretations as parameters of the speed of adjustment toward the long-run equi-
librium represented by B'y,_;. It is of interest to study conditions under which the
elements in a can be given such a structural interpretation. In the model of the next
section, the domestic price level gradually adjusts to its PPP level with a speed of ad-
justment parameter b. We will investigate conditions under which b can be estimated
as an element in a from (16.54).

The standard ECM, (16.54), is a reduced form model. A class of structural

models can be written in the following form of a structural ECM:

(16.55) BoAy, = p'+a'By,1+BiAy, 1+ - +B, 1Ay, i1 + ey,
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where B; is an n X n matrix, p* is an n x 1 vector, and a* is an n X r matrix of real
numbers. Here By is a nonsingular matrix of real numbers with ones along its prin-
cipal diagonal, and e; is a stationary n-dimensional vector of random variables with
Ele/JH;_,] = 0, where 7 > 0. Even though cointegrating vectors are not unique, we
assume that there is a normalization that uniquely determines 3, so that parameters
in a* have structural meanings.

In order to see the relationship between the standard ECM and the structural
ECM, we premultiply both sides of (16.55) by By' to obtain the standard ECM
(16.54), where §. = By'u*,a = By'a*, A = B;'B;, and ¢, = B;'e;. Thus the
standard ECM estimated by Engle and Granger’s two step method or Johansen’s
(1988) Maximum Likelihood method is a reduced form model. Hence it cannot be
used to recover structural parameters in a*, nor can the impulse-response functions
based on €; be interpreted in a structural way unless some restrictions are imposed
on By.

As in a VAR, various restrictions are possible for By. One example is to assume
that By is lower triangular. If B is lower triangular, then the first row of « is equal
to the first row of a*, and structural parameters in the first row of a* are estimated

by the standard methods to estimate an ECM.

16.5 An Exchange Rate Model with Sticky Prices

This section presents a simple exchange rate model in which the domestic price adjusts
slowly toward the long-run equilibrium level implied by Purchasing Power Parity
(PPP). Kim, Ogaki, and Yang (2007) use this model to motivate a particular form

of a structural ECM in the previous section. This model’s two main components
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are a slow adjustment equation and a rational expectations equation for the exchange
rate. The single equation method is only based on the slow adjustment equation. The
system method utilizes both the slow adjustment and rational expectations equations.
A similar method was applied to an exchange rate model with the Taylor rule by Kim
and Ogaki (2009).

Let p; (pf) be the log domestic (foreign) price level, and e; be the log nominal
exchange rate. We assume that these variables are first difference stationary and PPP
holds in the long-run, so that the real exchange rate, p, — p; — e, is stationary,
or y; = (p, e, p;)' is cointegrated with a cointegrating vector (1, -1, -1). Let pu
= E[pr — p; — e, then p can be nonzero when different units are used to measure
prices in the two countries.

Using Mussa’s (1982) model, the domestic price is assumed to adjust slowly to

the PPP level

(16.56) Apir1 = b(p+p} + e — pi) + EBi[pfyy + er] — (0] + )

where Az, = x4 — x4 for any variable z;, E|[- |I;] is the expectation operator
conditional on I;, the information available to the economic agents at time ¢, and a
positive constant b (0 < b < 1) is the adjustment coefficient. The idea behind (3) is
that the domestic price slowly adjusts toward its PPP level of p; + e;, while it adjusts
instantaneously to the expected change in its PPP level. The adjustment speed is

slow (fast) when b is close to zero (one). From (3),
(1657) Apt—f—l =d + b(p: + e — pt) + Ap;fk—&—l + A€t+1 + Et+1

where d = by €41 = Ey[pfq + €] — (i1 + €1). Hence .44 is a one-period

ahead forecasting error, and Fle;i1|I;] = 0. (4) can be referred to as the structural
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gradual adjustment equation which implies a first order AR structure for the real
exchange rate. To see this, let s; = p; + e; — p; be the log real exchange rate. Then

(4) implies

(1658) St+1 = — d + (1 - b)St — &¢41

We define the half-life of the real exchange rate as the number of periods required for
a unit shock to dissipate by one half in (5). Without measurement errors, b can be
estimated by OLS directly from (4). In the presence of measurement errors, IV are
necessary.

Let the money demand equation and the Uncovered Interest Parity (UIP) con-

dition be
(1660) it = Z: + E[et+1|It] — €t

where my is the log nominal money supply minus the log real national income, 7, (i)
is the nominal interest rate in the domestic (foreign) country. In (6), we are assuming

that the income elasticity of money is one. From (6) and (7),
(16.61) Elevi|li] — ee = (1/h){0m + pe — we — hE[(p 4y — pp) | 1i]}

where w; = my + hrf and 7} is the foreign real interest rate, r; = iy — Elp;, | 1] + p}.
Following Mussa (1982), solving (3) and (8) as a system of stochastic difference
equations

(16.62) E[F|Ii.1) =) (1 = bY{E[F ;L] — E[Fj|T,—;1}

Jj=1
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bh+ 1 L1
(1663) €t = TE{Ft’[t] _pt — Ept

where F; = (1—0) 3277 07wy and 0 = h/(1+h). We assume that w is first difference
stationary. Since ¢ is a positive constant that is smaller than one, this implies that
F, is also first difference stationary. From (9) and (10), e, +p} —p, = %t roo(1—
WY {E[F_j|I,—;] — E[F,—;|I;_j—1]}, which means e, + p} — p; is stationary.”

For a structural ECM representation from the exchange rate model, we use

Hansen and Sargent’s (1980; 1982) formula for linear rational expectations models.

From (16.63),

bh +1

= 1
T(l - 5)E[Z 3 Awipjpi| ] — 5 Apy — Apfy + Eerp

16.64 A =
(16.64) Ctt1 o

§=0
where €441 = % [E(Fyi1|le41) — E(Fi1|1;)], so that the law of iterated expectation
implies Ele.s11]/ft] = 0. The system method using Hansen and Sargent’s (1982)
method is applicable because this equation involves a discounted sum of expected
future values of Awy.

Hansen and Sargent’s (1982) method can be applied to this model by projecting
the conditional expectation of the discounted sum, E[0? Aw;j41]];], onto an econo-
metrician’s information set H;. We take the econometrician’s information set at t,
H;, to be the one generated by linear functions of current and past values of Ap;. For
simplicity, we follow West (1987) in that we choose a single variable to generate the
information set H;. In terms of the orthogonality condition, any variable in I; can
be used for this purpose.® Replacing E[3 7 07 Aw;yjy1|li] by the econometrician’s

linear forecast based on H; in (11), we obtain

bh +1 P 1 §
— (1 - 5)E[Z & Awypjpr | He) — - Apryr — Apyy g + ug e

(16.65) A = —— n

J=0
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where w1 = £opp1 + 2 (1 = ) E[(X52) 0/ Awig i |1) — E(Y5%0 67 Awny jy1 | Hy))
and E[u27t+1|Ht] = 0. Following Hansen and Sargent (1980, 1982) we obtain (See
appendix A.)
(16.66) E[Z Aweijyi|He] = GAP; + LAPL + .. + §ADL 4

=0

A system of four equations will be?:

(16.67) Appyr = d + Apf + Aepr — b(pe — pf — er) + Ui 41

(16.68) Aeryr = _iApt—l—l — Appyy T a&iApy +aboApf g + .+ Apf .y Uz
(16.69) Appiy = BiAP] + BaApy_y + oo+ BpAP; 1 + Uz

(16.70) Awipr = 1Ap; +72Ap; 1 + o + 1 APf e + Uar

where o = l’}z—;brl(l —0) and uy 441 = €441 with a set of nonlinear restrictions imposed

by (16.66),

(165713 ~(9)[1 = 05(9)]

§ = (001 - 55(5)]_1(5]‘4_1 +0Bj41+ ...+ (5p_jﬁp) + (v + 6y + ...+ §p_j7p)

for j =1,...,p. We call (16.67) the gradual adjustment equation, and (16.68)-(16.70)
the Hansen and Sargent equations. Given the data for [Apy1, Aeprr, Apf q, Awiq]’,
GMM can be applied to the system of four equations, (14)-(17).1

It is instructive to observe the relationship between the structural ECM and
the reduced form ECM in the exchange rate model (See appendix B.). Comparing

G and B shows that the speed of adjustment coefficient for the domestic price is
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b in the structural model, while it is b*h/(bh + 1) in the reduced form model. b
in the structural form is not a deep structural parameter, unlike parameters of a
production function or a utility function. However, it is clearly a parameter of
interest because it determines the half-life of the real exchange rate. The reduced
form speed of adjustment coefficient is a nonlinear function of b, and thus cannot be

directly compared with the half-life estimates in the literature.

16.6 The System Method

Since standard methods of estimating (16.54) may not recover the structural param-
eters of interest in a*, Kim, Ogaki, and Yang (2001) propose a system method based
on GMM that does not require restrictions on By.

To apply the system method to (14)-(17) of the exchange rate model, we need
data for Aw;, which requires knowledge of h. Even though h is unknown, a cointe-
grating regression can be applied to money demand if money demand is stable in the
long-run, as in Stock and Watson (1993). For this purpose, we augment the model

as follows:
(1672> my = em +pr— th + Cm,t

where (,,, ¢ is assumed to be stationary so that money demand is stable. By redefining
my as my — Gy, the same equations as those in section 3.2 are obtained. For the
measurement of Awy, the ex ante foreign real interest rate can be replaced by the ex

post value because of the Law of Iterated Expectations. Using (16.72), we obtain
(1673) Athrl = Apt+1 — hAiH»l + hA’l:Jrl — h(Ap:JrQ — Ap;kJrl)

With this expression, Aw; can be measured from price and interest rate data once h is
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obtained, even if data for the monetary aggregate and national income are unavailable.
We have now obtained a system of four equations, (16.67)-(16.70). Because

Elu;4|l;—7] = 0 and E[ui,t]Ht] = 0, we obtain a vector of IV zy; in I;_, for u; ; and z;,

in H; for u;; (i = 2,3,4).'' Using the moment conditions E|[z;,u;¢] = 0fori=1,...,4
we form a GMM estimator, imposing the Hansen-Sargent restrictions and the other
cross-equation restrictions implied by the model.'? Given estimates of cointegrating
vectors from the first step, this system method provides more efficient estimators than
Kim’s (2004) single equation method as long as the restrictions implied by the model
are true.!> The cross-equation restrictions can be tested by Wald, Likelihood Ratio
(LR) type, and Lagrange Multiplier (LM) tests in the GMM framework (see Ogaki,
1993).  When restrictions are nonlinear, LR and LM tests are known to be more

reliable than Wald tests.

16.7 Tests for the Number of Cointegrating Vec-
tors

Johansen’s (1988; 1991) maximum likelihood (ML) estimation is based on an error

correction representation:
(16.74) Ay, =6+ afyi1+AAy 1+ + A5 Ay i + e,

where y; and €; are n x 1 vectors of random variables, o and 3 are n x r matrices of
real numbers, and A}’s are n X n matrices of real numbers. The first term a3y,
is called an error correction term.'? Engle and Granger (1987) show that first differ-

ence stationary y; has a possibly infinite order error correction representation with a

. / . . /
12 Johansen uses an error correction term o3 Yi—p instead of more conventional a3y;_1. However,
these two representations can be shown to be equivalent.
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nonzero o under general regularity conditions if y; is cointegrated with r linear inde-
pendent cointegrating vectors. The columns of 3 are these cointegrating vectors. It
should be noted that Johansen’s assumption that the error correction representation
of finite order can be very restrictive in some applications. For example, Gregory, Pa-
gan, and Smith (1993) show that linear quadratic economic models with adjustment
costs imply moving average terms in the error correction representation. Phillips’s

(1991) ML estimation method may be useful in these circumstances.

Johansen makes an additional assumption that €; is normally distributed and
derives a maximum likelihood estimator for 3. In his procedure, all parameters are
jointly estimated and his estimators are asymptotically efficient. Another way to es-
timate an error correction representation is to use Engle and Granger’s (1987) two
step estimation method. In the first step, cointegrating vectors are estimated. For
example, if there is only one linear independent cointegrating vector, it can be esti-
mated by OLS. Other efficient estimators may be used in this first step. Then the rest
of the parameters in the error correction representation are estimated in the second
step. Since cointegrating vector estimators converge faster than \/T, the first step
estimation does not affect the asymptotic distributions of the second step estimators.
In the second step, only stationary variables are involved, so standard econometric
theory can be used. See 16.C for Johansen’s maximum likelihood estimation and the

cointegration rank test for detail.

Johansen’s (1988; 1991) likelihood ratio tests and Stock and Watson’s (1988a)
tests for common trends are often used to determine the number of cointegrating
vectors in a system. These tests take the null hypothesis that a n x 1 vector process y;

has r > 0 linear independent cointegrating vectors (or it has n —r common stochastic
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trends) against the alternative that it has k& > r linear independent cointegrating
vectors (or it has n — k common stochastic trends). Hence if r = 0, these statistics
test the null hypothesis of no cointegration against the alternative of cointegration.
Podivinsky’s (1998) Monte Carlo results suggest that there can be severe size
distortion problem with Johansen’s tests when the sample size is small. For example,
when there is no cointegrating vector in the data generation process and when asymp-
totic critical values are used, he finds a tendency for the test with the null hypothesis

of r = 0 to overreject and the test with the null hypothesis of » < 1 to underreject.

16.8 How Should an Estimation Method be Cho-
sen?

There exist many estimation and testing methods for cointegration. It is advisable
for an applied researcher to try at least two methods and check sensitivity of empir-
ical results. When the researcher chooses a main method to be used, the following

considerations naturally come to mind.
16.8.1 Are Short-Run Dynamics of Interest?

If, in addition to cointegrating vectors, the short-run dynamics are of interest, then
it seems (at least conceptually) natural to estimate short-run dynamics and cointe-
grating vectors simultaneously. For example, this process can be done by applying
Johansen’s ML method to estimate an error correction model.

On the other hand, the researcher is often interested in the cointegrating vec-
tor but not in short-run dynamics (see, e.g., Atkeson and Ogaki, 1996; Clarida, 1994,
1996; Ogaki, 1992). In such cases, it is desirable to avoid making unnecessary assump-

tions about short-run dynamics. An estimation method that uses a nonparametric
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method to estimate long-run covariance parameters such as CCR is natural in these

circumstances.

16.8.2 The Number of the Cointegrating Vectors

In some empirical applications, the researcher may have many economic variables
and may not have any guidance from economic models about which variables may be
cointegrated. In such applications, tests for the number of cointegrating vectors are
useful. It should be noted, however, that these tests may not have very good small
sample properties because of the near observational equivalence problem discussed in
Section 13.5. For this reason, it is desirable to use economic models to give some a

priori information about which variables should be cointegrated.

In some applications, an economic model implies that there exist two or more
linearly independent cointegrating vectors. In this case of multiple cointegrating vec-
tors in a cointegrating regression, neither OLS nor CCR can be used to identify coin-
tegrating vectors. Tests for the null of cointegration based on CCR discussed above
also assume that there is only one cointegrating vector and hence cannot be used.
However, it is sometimes possible to use a priori information from economic models
to handle multiple cointegrating vectors with the CCR methodology.'> Johansen’s
ML method has an advantage that it allows multiple cointegrating vectors. However,
as pointed out by Park (1990) and Pagan (1995) among others, cointegrating vectors

may not be identified even by the Johansen’s ML method.

13See Kakkar and Ogaki (1993) for an example of an empirical application.
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16.8.3 Small Sample Properties

It is known that Johansen’s ML estimates and test results can be very sensitive to
the choice of the order of autoregression in empirical applications (see, e.g., Stock
and Watson, 1993). Therefore, it is important to check sensitivity of empirical results
with respect to the order of autoregression when Johansen’s method is used. This
sensitivity may be related to the fact that Johansen’s estimator for a normalized
cointegrating vector has a very large mean square error when the sample size is small
(see Park and Ogaki, 1991). Gonzalo (1993) also reports this property even though
he emphasizes that Johansen’s estimator has good small sample properties when the
sample size is increased. Podivinsky’s (1998) result that Johansen’s likelihood ratio
tests have severe size distortion problems in some circumstances discussed in Section
16.7 may be due to these observations.

Park and Ogaki (1991) find that the CCR estimator typically has smaller mean
square errors than Johansen’s ML estimator when the prewhitening method is used.
Han and Ogaki (1991) find that Park’s tests for the null of cointegration have rea-
sonable small sample properties.

To improve small sample properties of CCR estimators, iterations on the esti-
mation of the long-run covariance parameters are recommended. In empirical appli-
cations of CCR, OLS is typically used as an initial estimator. Since OLS coincides
with CCR when there is no correlation between the disturbance term and the first
difference of the regressors at all leads and lags, the initial OLS may be called the first
stage CCR. The second stage CCR is obtained from the long-run covariance parame-
ters calculated from the first stage CCR estimates. The third stage CCR is obtained

from the long-run covariance parameters calculated from the second stage CCR es-
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timates, and so on. Park and Ogaki (1991) report that the small sample properties
of the third stage CCR estimator are typically better than those of the second stage
CCR estimator. On the other hand, the fourth stage CCR estimator sometimes had
a significantly larger mean square error. For Park’s tests for the null of cointegration
to be consistent, it is necessary to bound both the eigenvalues of the VAR prewhiten-
ing coefficient matrices and the bandwidth parameter estimate. For example, while
using the first order VAR for prewhitening, Han and Ogaki (1991) bound the singular
values of the VAR coefficient matrix by 0.99 and the bandwidth parameter by the
square root of the sample size. When the variables are cointegrated, the CCR estima-
tors have better small sample properties without these bounds. Consequently, they
recommend reporting the third stage CCR estimates without the bounds imposed

and the fourth stage CCR test results with the bounds imposed.

Appendix

16.A Estimation of the Model with Long-Run Re-
strictions

The three variable model in KPSW highlights a real-business-model with permanent
productivity shocks. Under the assumption of constant returns to scale, a production

function with stochastic trends can be described as

(16.A.2) log At = px+loghi1+§

where y; and k; denote output per capita and capital stock per capita, respectively,

in logarithms. Total productivity, A;, follows a logarithmic random walk, and &
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is 4d with mean zero and variance 0. Let ¢, and i, be consumption per capita

and investment per capita, respectively. In the steady state, output, consumption
and investment have the same growth rate of “AT*& which can be interpreted as a
common stochastic trend. Thus, the ‘great ratios’, ¢; —y; and i, — 1, follow stationary
stochastic processes, implying v, ¢; and i; are cointegrated with one common trend,
or equivalently, with two cointegrating relations. Therefore, there exists only one
permanent innovation, vf, that can be interpreted as a productivity shock, &. Let

x; = (Yt, ¢r, 1), then ®(1) in (16.25) becomes

(16.A.3) B(1) =

[ et
o OO
o OO

Since ®(1) is normalized, the first column in 16.A.3 captures the long run effects of
a unit shock of v}.1* Tt is straightforward to estimate structural parameters following
a scheme described in Section 16.3.1 where k=1, A =(1 1 1) and IT = 1.

To incorporate nominal shocks, a six-variable model is considered in KPSW.

First, money demand has the following relation
(16.A.4) my — pr = Byyr — BrB: + wy

where m; — p, is the logarithm of real balances, R; is the nominal interest rate, and
uy is the money-demand disturbance. Second, the Fisher equation is considered to

introduce nominal shocks
(16A5> Rt =T + EtApt-i-l

where r; is the ez ante real interest rate and p; is the logarithm of the price level. Six

variables (yi, ¢, i, my — py, Ry, Apy) follow an I(1) process and exhibit cointegrating

Hyk is equal to % so that standard deviation of v¥, is equal to g
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relationships. It has already been shown that there are two cointegrating relations
among three variables (v, ¢, ;). An additional cointegrating relationship is captured
by the money demand equation in (16.A.4) provided that money-demand disturbance
is stationary. Consequently, there exist three cointegrating relationships, reflecting
that the system can be described by three stochastic common trends. Letting x; =
(Yt, ¢4, 1, my — pr, Ry, Apy)’, three permanent shocks consist of a real balance shock, a

neutral inflation shock, and a real interest shock so that A is constructed as

1 0 0
) ]1‘ 8 21 1 0 0
(16.A.6) A= ATl = : T 10
By _/BR _/BR 1
0 1 1 31 T32
0 1 0

KPSW assumed A to be known, and constructed the parameters in A by the esti-
mates from Dynamic OLS in each cointegrating equation. It is notable that these two
cointegrating relationships are used as ¢ —y = ¢1(R — Ap) and i —y = ¢o( R — Ap)
provided that the real interest rate follows a nonstationary process. This assump-
tion implies that the ‘great ratios’ exhibit permanent shifts from a permanent real
interest shock.!> The issue on nonstationarity of real interest is in order. The null
hypothesis that the ez post real interest rate!® has a unit root is investigated using
the Dickey-Fuller test, and is not rejected at the 10% significance level. This model
is a benchmark in KPSW.

This property, in turn, implies that ¢; and ¢, are zero since regression of the

I(0) variable on the I(1) variable gives the estimate of zero from the theoretical

15 A higher real interest rate raises the consumption-output ratio and lowers the investment-output
ratio, which implies that ¢; is positive and ¢- is negative.

6Three nominal interest rates are used in King et al. (1989); three month U.S. Treasury bills,
an average rate on four to six month commercial paper, and the yield on a portfolio of high-grade
longer term corporate bonds.
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viewpoint.!” KPSW also investigate sensitive analysis other than the benchmark
model. First, the coefficients, ¢; and ¢,, are set equal to zero. This modification,
however, does not affect the main results in the benchmark model. Second, assuming
that real interest rates are stationary, a model with four cointegrating relationships
is considered, where two stochastic common trends are interpreted as a real balance

shock and a neutral inflation shock. In this case, A is constructed as

1 0
1 0
A 1 0
16.A.7 A =
(16.A.7) 8, —Br
0 1

The main conclusions, however, in the benchmark model are still robust after this
modification.
This section explains how we can construct A from the estimates of cointegrat-

ing vectors. Engle and Granger (1987) showed:
(16.A.8) B(1) =0,

which by the property of cointegration implies that 3'x; is stationary. It follows from

(1) = ¥(1)®, and (16.25) that
(16.A.9) BA=0 or BA=0.

This property enables one to choose A = 3 | after re-ordering x; conformably with
B, in which B, is an n x k orthogonal matrix of cointegrating vectors, 3, satisfying
B3, = 0. Johansen (1995) proposed a method to choose 3, by:

(16.A.10) B, = (L, —S(B'S)'3)S,,

7%, and ¢ are estimated as 0.0033(0.0022) —0.0028(0.0050), respectively, where values in paren-
theses are standard errors, implying coefficients are not significantly different from zero.
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where S is an n x r selection matrix, (I, 0)’, and S, is an n x k selection matrix,
(0 I). Note that 3 is identified up to the space spanned by a and 3. This con-
dition does not necessarily mean that each cointegrating vector is identified, because
afB = oFF '8 = af, ie., any linear combination of each cointegrating vector is
a cointegrating vector. The model does not require the identification of each cointe-
grating vector. Park (1990) argues that the identification condition is not required a

priori but is necessary for proper interpretation of the estimated results.

Since B, is normalized so that the last & x k submatrix is an identity matrix,
one should re-arrange the variables x; conformably in order to maintain Blanchard
and Quah (1989)-type long-run restrictions. Alternatively, one may re-normalize 3
as shown below. Consider the six-variable model in KPSW, for instance. Let x;
be (y, ¢ty iy, my — pi, Ry, Apy)’, in which my; — p; is the logarithm of the real balance,
R; is the nominal interest rate, and p; is the logarithm of the price level. KPSW
noted that there are three permanent shocks: a real balanced growth shock, a neutral
inflation shock, and a real interest shock. We impose long-run restrictions that a
neutral inflation shock has no long-run effect on output, and that a real interest rate
shock has no long-run effect on either output or the inflation rate. These restrictions

imply a specific form of B | asin:

1 0 0
21 I 0 >
31 T3 1

(16.A.11) A=p031I=

O O X X X B
— O X X X O
O = X X X O

where X denotes that those parameters are not restricted other than ,B’B . =0. From
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A = AII, we can choose A using:!®

(16.A.12) A=p5,.
16.B Monte Carlo Integration

The literature on confidence intervals for impulse response estimates is well explained
by Kilian (1998), which can be categorized by the following three traditional meth-
ods: the asymptotic interval method (see Liitkepohl, 1990), the parametric Monte
Carlo integration method (see Doan, 1992; Sims and Zha, 1999), and the nonpara-
metric bootstrap interval method (see Runkle, 1987). We provide the Monte Carlo
integration method used in KPSW.%?

It is convenient to rewrite the reduce-form VECM in (16.17) as:

p—1
(16.5.13) Ax; = Stx ol + Y AX AT e
=1
= X}0 +¢€,

where X} = (1,x}_,8,Ax} ,,--- ,Ax; ,,,), and §' = (§.,a,A},--- A5 ). Stack-

ing (16.B.13) for t = 1,--- , T, the model is represented by the following matrix form:
(16.B.14) Y =X0+U

Assuming that u; isi.i.d. and normally distributed, Zellner (1971) finds that X follows
the Normal-inverse Wishart posterior distribution, with the prior, f(vec(8),3) ~

_n+1
2

3]

(16.B.15) X~ Wishart((TX0)) ™, T) with given X,

I8SKPSW, instead, assume that A is known a priori, which is estimated by dynamic OLS in each
cointegrating equation.

9Kilian (1998) examines the accuracy of these confidence intervals in the small samples, and
proposes the bootstrap-after-bootstrap method. He finds from Monte Carlo simulations that his
method is the best, the Monte Carlo integration method is the second best, the asymptotic interval
is the third, and the standard bootstrap interval method is the worst.
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and
(16.B.16) 0 ~ N6, (XX)™),

where 0y and 3, are the estimates of @ and 3, respectively, from OLS or MLE.

The algorithm for estimating confidence intervals of impulse responses is as

follows:

1. Estimate (16.17) and let 3,, 8y and ¥, be these estimates.

2. Let A be a lower triangular matrix of Choleski decomposition of (X'X)~!.

3. Let S7! be a lower triangular matrix of Choleski decomposition of ;.

4. Generate n X T random numbers, wy, from the normal distribution, N (0, %)

5. Generate (n(p—1)+r+ 1) x n random numbers, uy, from the standard normal

distribution, N (0, 1).
6. Let r, = w,S™!, and get 3, = rjr;.
7. Let Sy, be a lower triangular matrix of Choleski decomposition of 3.
8. Let 8 = 0y + e, in which e, = Au,S;. Then, 8 ~ N (0, X, ® (X'X)~1).20

9. Draw impulse responses, iry, as described in Section 16.3.3.

2ONote that var(ey) = var(vec(ep)) = var((Sp ® A)vec(uy)) = SpS; @ AA' = 3, ®@ (X'X) L.
RATS uses vec(ey) = (Sp @ Ly (p—1)4r+1)vec(Auy), which is the same as what this text uses. Note
that (Sp ® A)vec(uy) = vec(AuSy) = (S ® I, )vec(Auy), in which vec(ABC) = (C’' ® A)vec(B)
is used for transformation.
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10. Repeat 4 ~ 9, B times, and calculate 95% upper and lower bands of impulse

responses using?!

B B B
1 1 1
(16.8.17)  Upper = > iy + 2( y irp — (5 > " iry)?))?
b=1 b=1 b=1

and
1 & 1 & 1 &
1
(16.B.18)  Lower = =3 iry = 2(% Y ir} — (5 > iry)*))*.
b=1 b=1 b=1

16.C Johansen’s Maximum Likelihood Estimation
and Cointegration Rank Tests

To see Johansen’s method in detail, consider the VAR(p) model
(16019) Y = 65 + Althl + -+ Apy-tfp + €,

where y; is an n x 1 vector of variables assumed to be I(1). If y, is cointegrated,
then there exists the following VECM representation proposed by Engle and Granger

(1987):
(16.C.20) Ay; =68.+aB8y; 1+ AjAy; 1+ -+ AL Ay 1t €,

where a and 3 have full column rank of r, the number of cointegrating vectors.

We can concentrate on v and 3 from a partial regression:

(16.C.21) Regress Ay, on 1,Ay; 1, - ,Ay;pi1 — Get residuals: Ry,

(16.C.22) Regress yi—1 on 1,Ay; 1, -+ ,Ayipy1 — Get residuals : Ry
Then, we have a concentrated regression:

(16.C.23) Rot = aB'Ri + €

2INote that we fix cointegrating vectors, 3, and generate parameters from a normal distribution,
N(6y,%, ® (X'X)71). Note also that we do not update S.
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For notational convenience, let
L T

(16.C.24) Sij = 7 > RuR),,  i,j=0k

t=1
Note that a can be easily estimated from (16.C.23) provided that 3 is known:
(16.C.25) & = (BR.RB)'BRR,

= (B'SiB) "' B'Sko.

Johansen (1988) estimates 3 using MLE. Consider MLE for
(16.C.26) Y =XB+U, u ~ N(0,X).
Then, the log likelihood of (16.C.26) is
T T 1 e
(16.C.27) log L = —5 log 21 — §log 13| — §(Y —XB)X (Y — XB)
The FOC of (16.C.27) for X is:
- 1

(16.C.28) S = ~(Y —XB)(Y - XB)
Plug (16.C.28) in (16.C.27), then we get a concentrated likelihood:

T A
(16.C.29) log L = constant — 3 log |X],

which is proportional to

(16.C.30) Lz = |57,
Let L(8) = [3~%. Then,
(16.C.31) @t = %
— LRy~ Ryfa(Ro — Ryfa)

1
= |(RoRo — afRj Ry 80

= [Soo — SoxB(B'SkrB) " B'Skol
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So,

(16032) mgmx L(ﬁ) <~ mﬁin ‘SOO — SOk,8<,3/Skk,8)_l,6,Sko|

Sool

. /S o /S S—IS | 00

& m61n|,3 kB — B SkoSqg Okﬂ|—|ﬁlskk,3|
! 1

o max |B'Ski|

818 (Skx — SkoSgy Sox)B] |Soo

At the second line, we use the following formula:

(16.C.33) ‘ é ]‘; ‘: |A| D - CA™'B|=|D| |A - BD"'C|
Thus,

A
(16.C.34) |/A—BD'C|=|D - CA_1B|%7

where A = Sy, B = Spi.3, C = 3'Sio, and D = 3'S;.3. Note also that FOC for

x' Ax

16.C. =
(16.C.35) max (=N
is

(16.C.36) (A—-AB)x =0,

where A is an eigenvalue, and x is an eigenvector. Therefore, (16.C.32) becomes an

eigenvalue problem. Let

(16.C.37) Ao = max —; s S’“’“B_|1 .
5|3 (Skr — SkoSgo Sox) B

Then, the FOC is

(16.C.38) (Ske — Mo(Skr — Sk0Spg Sor))3 =0
& (1= Xo)Skk + Xo(SkoSgo Sox))B = 0
& (Mo(Sk0SiiSor) — (Ao — 1)Sir)B = 0
& (SpSilSor— (1— —)Sp)B =0

Ao
< (SkoSoo Sor — ASkr)3 = 0,
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where A\ = 1 — /\io Note that A and @ are an eigenvalue and an eigenvector of
S,;,jSkOSJOISOk, respectively. Therefore, our maximization problem is reduced to find
an eigenvalue and eigenvector of S,;,gSkOSEOISOk.

Having estimated the model, we can construct the cointegration rank tests as

follows. From (16.C.30), (16.C.32) and (16.C.37), we get

(16.C.30) LB F =[Sl [] -
i=1 """
T T
(16040) Lmaz(ﬁ) = _E‘SOO‘ H(l - )\Z)
=1

Therefore, we get the LR test (or Trace test) as:

Lma:v<H0 - T)
16.C.41 LR = —-2log———=
( 0 ) o8 Lmax(Hl - n)
= =T log(l—\)
i=r+1

and the maximum eigenvalue test (or A, test) as:

Lmam(HO - T)
mam(Hl =r+ 1)

= —Tlog(l = Ary1).

(16.C.42) Amaz = —2log -

Note that the alternative hypothesis is different in each test. For large values of
test statistics, we reject the null hypothesis that there exist r cointegrating vectors,
Hy = r. Johansen (1995) gives the critical values, and Osterwald-Lenum (1992)
provides revised critical values.

Johansen (1995) considers five models with respect to data properties as well as

cointegrating relations as follows: i) a model with a quadratic trend in y; (hflag=1):

(16.C43) Ayy =10+ pot + afBy,1 + AJAy, 1+ -+ Ay Ay p1 + €,
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ii) a model with a linear trend in y; (hflag=2), in which deterministic cointegration

is not satisfied:
(16.C.44) Ay;=06.+ pot + a8y 1+ AjAy; 1+ -+ AL Ay 1t €,

iii) a model with a linear trend in y; (hflag=3), in which deterministic cointegration

is satisfied (cotrended):

(16.C.45) Ay, =6+ a(Byi1 + pit) + AjAy,q + -+ AL Ay pi t+ €y
iv) a model with no trend in y; (hflag=4):

(16.C.46) Ay, = a(B'yi-1+py) + AAy1+ -+ A5 Ay pi1 + €,

and v) a model with no trend in y, (hflag=>5):

(16.C.47) Ay =afBy; 1+ AjAy; 1+ + AL Ay pi + €

Johansen (1995) illustrates how to estimate restricted cointegrating vectors.
Consider a trivariate model with two cointegrating vectors. Let y; = (y11, Yo, Yat)’
and B8 = [31|8,]. One may impose a restriction of 3y; = 3,5 using Hyp, = 3, and
Hyp, = 3,, where H; is an n x (n — ¢;) matrix, ¢, is an (n — ¢;) x 1 matrix, and ¢; is

the number of restrictions on each cointegrating vector. In this particular example,

letting
1 0
(16048) H1 - 0 1 ; HQ - 13
-1 0
gives the following restrictions:
10 © P11 B
-1 0 2 —¥1u Bis
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